We study the effect of backreaction on the evaporation of quantum black holes. The method used is based on quantum tunneling formalism as proposed in [4] . We give a more realistic picture by considering the fact that a black hole looses its energy while modes are tunneled outside the event horizon. It is shown how the tunneling quantum field modes affect the geometry and how this change in geometry is arrested in the quantum field. Exploiting this we calculate the modified (nonthermal) radiation spectrum, associating energy fluxes and discuss various issues related with these. The results obtained here are often expected on physical grounds, but, importantly we find them in a quantitative manner.
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I. INTRODUCTION
Hawking's original approach [1] of black hole radiation is based on a global set up of collapsing geometry where the asymptotic in vacuum state is realized as a particle state in the asymptotic out vacuum. Such an evolution is believed to be non-unitary in the sense that a pure initial state evolves as a mixed state in the out region. In the late time limit when the black hole settles down one obtains a thermal (blackbody) radiation spectrum. While this picture is technically rigorous it does not consider the evaporation of black holes by incorporating the backreaction of the particles (on the spacetime and vice-versa) that are being emitted. Therefore one lacks a physical picture where the energy-momentum of the combined system is conserved. In order to do that one should see the effect of particle emission as a loss of mass energy, electrostatic energy as well as rotational energy for the charged-rotating black holes. In a more realistic picture one would expect these black hole parameters are no longer constant, rather, they vary while particles are being emitted. This should naturally modify the background geometry and one can justify the origin of created particles.
However, incorporating the effect of backreaction have not always been easy. It may vary depending on the concerned approach to the problem. For an arbitrary spacetime, the most natural way to consider the backreaction effect is to modify the Einstein equation in its semiclassical form G µν = 8πG T µν . Where in the right hand side one includes the vacuum expectation value of the energy momentum tensor. In this way one includes the quantum effects of the field to the spacetime geometry. However, more often than not, this equation is difficult * sujoy.kumar@correo.nucleares.unam.mx to solve analytically. Even for two dimensional case one needs a numerical handle for this [2] . In fact there is no preferred methodology to consider every aspects of backreaction in practice. At most one can come up with an useful approach in case by case to include some aspects of backreaction.
For example, in regard to the quantum emission by black holes, the effect of backreaction was partially addressed by Parikh and Wilczek [3] , where, in the simplest case, the emission of particle of energy (ω) actually reduces the mass of the black hole by the same amount. This modifies the tunneling probability, which is otherwise thermal, by bringing nonlinear terms of ω in the expression of tunneling probability. However since this approach is only intended to derive Hawking temperature one fails to obtain the radiation spectrum in presence of backreaction. Noteworthy, radiation spectrum in presence of backreaction is important to go beyond the kinematic approximation of Hawking radiation. Usually, when the energy flux deviates from the thermal nature one finds correlations in the outgoing radiation. These correlations then give us an estimation of information that was hiding behind the horizon. In this way we recover some information about the matter that originally created the black hole. One might also be interested to argue that actually there will be complete recovery of information due to backreaction and there will not be any information loss. However, a recent work on CGHS black holes [2] has argued that actually backreaction does not recover all the information. Even though, it is a fact that correlations in the outgoing radiation allow us to know an incomplete information about the matter that created the black hole. Therefore backreaction is an important aspect to look on, especially, in the absence of a quantum theory of gravity.
In this paper we present a simple methodology to arXiv:1407.5971v2 [gr-qc] 11 Aug 2014 treat the backreaction effect on the outgoing radiation in a black hole spacetime. For simplicity we consider Schwarzschild like spacetime where an emission of quanta of energy ω actually reduces the mass of the black hole by the same amount. Our approach is based on the work [4] where a reformulation of quantum tunneling method was used to derive radiation spectrum for black holes. Later this method was also used in other cases [5] - [12] . However, all these works have neglected backreaction due to created particles.
There exist some efforts [13] - [15] to include backreaction effect making host the method of [4] . However, as we see, this attempt, although was reasonable, by construction it has very slight departure from thermality. Therefore the radiation spectrum that was found in [13, 14] is necessarily thermal (with a modified temperature). Nevertheless, such a result is unexpected if backreaction effect is large enough as shown explicitly in [2] for CGHS black hole. The departure from thermal behavior is thus expected to be a natural consequence of backreaction.
Here we show that an appropriate modification of [4] also allows to include large backreaction effect (the energy scale, however, is fairly lower than the Planck scale) due to created particles. We discuss the fact that when particles are being emitted by black holes, energy of the latter goes down which is also imprinted on the state of the quantum field. These back-reacted quantum field state, after correct interpretations, provides modifications to the standard thermal (uncorrelated) radiation spectrum. The new spectrum of particle distribution as found here is non-thermal since it includes nonlinear terms in frequencies ω. In practice, it is difficult to get a closed expression for that and in this paper we give an order by order approximation of the desired result within analytic limit. Finally we provide a graphical analysis to show physical essence of backreaction effect as applied to the emission spectrum and radiated energy associated with it.
II. REVIEW OF THE BASIC SETUP
We start by reviewing the standard approach based on WKB picture of tunneling formalism as given in [4] . This gives a intuitive understanding of particle emission and leads to the thermal radiation spectrum in a simplest manner. Later we shall modify this picture to accommodate the backreaction effect and find out the modification on the radiation spectrum.
A. WKB ansatz for field modes
Let us consider the simplest form of a black hole metric given by the spherically symmetric form
For simplicity we shall consider Schwarzschild black hole with f (r) = (1 − 2M r ) and study the emission of masslees and chargeless scalar particles. Also since in tunneling method one is concerned with the near horizon geometry it is only the r, t part of the metric that govern the dynamics of the quantum fields. The scalar field equation in the background of (1), is given by
The WKB ansatz for the scalar field has the form
where the action is expanded in powers of
Now substituting (4) into (3) we get
Taking the semi-classical limit ( → 0), we obtain the first order partial differential equation,
This is identified with the semi-classical Hamilton-Jacobi equation. Therefore the ansatz for the semi-classical action for a scalar field moving under the background metric (1) should be chosen following semi-classical HamiltonJacobi theory. For that one refers to the time translational symmetry of (1) writes the action in the form
where ω is the energy of the quantum field. Substituting this in (6) it yields
Using (8) in (7) the semiclassical action is found to be
Therefore the solution for the scalar field (3) is given by
where the tortoise coordinate is defined as r * = dr f (r) . The +(−) sign stands for the right (left) moving modes.
While left moving modes reaches singularity the right moving tunnels outside the horizon.
B. Relation between in, out modes
The outgoing mode while tunnels out the horizon from inside to outside the definition of coordinate changes in Schwarzschild system. As explained in [4] using Kruskal coordinates one can set up a relation between the inside and outside Schwarzschild patches which then express the inside mode with respect to an observer outside the event horizon.
Kruskal time and space coordinates inside and outside the horizon are defined as
These two sets of coordinates can be swapped with each other by the following transformations
With these identifications the scalar field modes are easily transformed as
C. Density matrix and radiation spectrum A particle state corresponding to an arbitrary but finite number of virtual pairs inside the black hole event horizon, (15) where N is a normalization constant and κ(M ) = 1 4πM is the surface gravity at horizon. This state has finite numbers of particles with particular frequencies but not all of the frequencies have non-zero particles, otherwise, the sum n ω will diverge making |ψ a non-physical state. While transforming this quantum state with respect to an observer outside the horizon this takes the form
The normalization constant is found from ψ|ψ = 1, given by
To obtain the average particle number in the energy state ω with respect to an outside observer, one defines the density matrix operator ρ = |ψ ψ| and then traces out the inside degrees of freedom to yield the reduced density matrix of the form
Consequently the number distribution with respect to ω is given by n ω = trace(nρ red ). This is found to be Planckian
with the temperature of radiation given by the Hawking
The energy flux reaching the asymptotic observer then matches with the uncorrelated Hawking flux.
III. RADIATION SPECTRUM WITH BACKREACTION
Although the last section gives a reasonable methodology to derive the radiation spectrum, it does not take into account the backreaction of the matter field on the black hole spacetime. In other words the energy-momentum conservation is not satisfied. Now we shall modify the standard methodology by considering the fact that mass of the Schwarzschild black hole should be reduced to an amount equal to the energy carried out by emitted radiation.
A. Effect of backreaction
In order to include backreaction we consider the fact, that, black hole's mass M is reduced to M − n ω once n outgoing modes with energy ω are tunneled outside the horizon. Equivalently, an identical number of negative energy modes are excited inside the horizon and reduces the hole's mass. As a result the surface gravity changes from its earlier value when the black hole was not emitting. Given this argument one can realize a direct modification to the relations between the inside and outside coordinate patches in (13) . For Schwarzschild type black holes this is implemented by redefining the surface gravity (13) . This in fact naturally transfers the effect of backreaction in the transformation of modes as given in (14) . The only thing we need to do is to use the new expression of the surface gravity with effective mass of the hole. Therefore, the quantum state (16) is modified in the following way
Before going further let us highlight some features of the above expression for the quantum state. Due to the new term in the parenthesis we have effectively a sum over positive quadratic power (n 2 ω 2 ) on exponential which clearly diverges once we sum over n in the limit 0 ≤ n ≤ ∞. At this point one might be worried as to what extent oneself should trust the above definition. To get an answer one should realize that such a behavior is not unexpected given the fact that during the late stage of Hawking radiation, when mass of the black hole approaches zero, the process of evaporation becomes more violent releasing an enormous amount of energy with an infinite rate. Such a process off-course not expected in physical ground which again teaches us that at certain level the process of Hawking effect should be over-taken by a Quantum Gravity (QG) theory. It is exactly the situation with the modified quantum state (MQS) given in (20), which, expectantly giving us a hint that we should not trust the analysis based on this in the QG region.
The question is what should be the scale up to which this quantum state provides us an acceptable physical picture? We propose that this analysis should make sense until the mass of the black hole is well above the Planck mass, say, for example, a thousand time the Planck mass. Then the total energy carried away by Hawking evaporation is nmax n=0 n ω = M − 1000m p . It is now clear that the upper limit n max is directly related with the original mass of the black hole (M ). For an astrophysical black hole M being very large one can take n max ≈ ∞ and still the MQS (20) will work. However, from comparatively smaller black holes it may not be the case and one should be careful enough to use the MQS. More precisely, either we should find out a way to put a number for n max by some rigorous analysis so that we treat the near QG region correctly, or, alternatively, find out an approximate analysis with n max = ∞ which is only intended for the energy scale much greater than Planck energy. In this paper we shall follow the second route which is easier to tackle, nevertheless, provide important results and understanding on backreaction effect in a quantitative manner. We have more to say on this using numerics in the next section.
In order to attack the problem analytically, we do not put any cut off on n, rather series expand the quadratic positive power in the exponential in (20) so that
The advantage of the above expression is that the term which causes the divergence can now be treated in an order by order expansion in l. As we mentioned, the effect of this series expansion, on the radiation spectrum or energy flux crucially depends on the original mass of the black hole. For a larger mass black hole (e.g. astrophysical), the effect of backreaction on Hawking radiation, in the lowest orders in l should be much weaker than a comparatively lesser mass (e.g. microscopic) black hole. We shall discuss these aspects shortly in the next section.
In order to proceed further we first calculate the reduced density matrix using (20) and then expand it in the following manner
where the inverse temperature β = 8πM . It is now possible to find the modified radiation spectrum by an order by order expansion over l. From the above discussion it is now clear that the approximation M >> n ω is equivalent to ignoring backreaction of the quantum field on the spacetime. We shall avoid this assumption by considering higher order terms in l. However, by restricting to a few terms in the series of l will eventually imply that the backreaction effect is comparatively weaker and valid only in the initial stages of evaporation such that energy scale is fairly lower than the QG regime.
B. Analytical results for radiation spectrum in order by order expansion
In principle, to consider the effect of backreaction one should use the state (20) or equivalently the density matrix (22). However, given the restrictions discussed in the last sub-section, in this work we use (23) and find the desired expressions for the radiation spectrum by an order by order expansion for cases l = 1 to l = 3. As mentioned above these expressions are therefore valid only in the initial stages of black hole evaporation. The results of this subsection will be used in the next section to discuss main physical implications.
We prefer not to repeat the analysis which is basically similar that presented in the last section. Only the final results for various expressions are provided. In the subsequent expressions we set α = 8πω
2 that will appear in many places and this is a signature of the backreaction effect.
(i) l = 1 (up-to leading order correction to the radiation spectrum): The normalization constant is found from ψ|ψ = 1, given by
where the quantum state |ψ is now defined in (20). The reduced density matrix as given in (23) is now nonthermal. The final expression for radiation spectrum is given by
It is reassuring to notice that in the limit α → 0 we get back (19) as expected for the non-backreacting case.
(ii) l = 1, 2 (up-to second order correction to the radiation spectrum): Normalization constant,
Average particle number in frequency ω,
(iii) l = 1, 2, 3 (up-to third order correction to the radiation spectrum): Normalization constant,
In the above expressions various functions x, h 1 , h 2 and f 1 to f 5 are defined in Appendix A. Note that for all cases, by neglecting nonlinear terms in ω (equivalently α), one gets back the black-body radiation spectrum which is reassuring.
IV. BACKREACTION AND PHYSICAL OBSERVABLES
Now let us use the results obtained so far to discuss physical aspects of the backreaction effect. This are enlisted below:
1. Modified spectrum: A direct consequence of backreaction is a modification to the thermal (black-body) spectrum due to higher order terms in ω appearing in the expressions of modified number distributions (25), (27) and (29). These expressions allow us to extend the semi-classical treatment beyond standard kinematic approximation of Hawking radiation. In other words, in the beginning of Hawking radiation while the mass of the black hole is very large the energy carried away by the matter fields is negligible and well-known black-body nature emerges. As the mass shrinks, energy carried out by emitted particles, are no longer negligible and it affects the mass which in turn changes the black-body nature. To get an insight we refer the reader to consult Fig. 1 . The non-backreacting case is l = 0 and others include backreaction 1 The change in n ω , for lowermost values of l, is negligible for black hole of astrophysical size. To show this in Fig. 1 we plot n ω for two smaller mass black holes. One with mass M = 1 and radius r h = 2 (in natural units) 2 and the other, a hundred times smaller (with mass M = 0.01). Although both have microscopic size the relatively larger mass black hole deviates a little in its particle content due to backreaction effect at the initial stage considered in this work. However, the other black hole of mass M = 0.01 shows significant departure from non-back-reacting particle emission spectrum. This black hole, although 10 6 times heavier than Planck mass, emits relatively high energy particles as a result of backreaction, even in the lowest order of backreaction considered here (with 1 ≤ l ≤ 3). The rate of emission is therefore diverging with the mass closing further near the Planck region. This is somewhat expected from the semi-classical picture with backreaction. As we mentioned for large value of l one is going to encounter a situation, precisely where, the semi-classical picture breaks-down giving its way to QG. Finally, it is reassuring to notice that asymptotically n ω reaches zero for all cases making the particle count for the MQS (20) finite for finite values of l.
Outgoing correlation and information recovery:
Clearly the higher order terms in (25), (27) and (29) represent the existing correlation among the outgoing modes which are eventually detected by an asymptotic observer. These correlations then provide some information about the matter that 1 Note that there is an infra-red divergence in nω for all which is usually discarded on physical ground. created the black hole. However, whether or not all the information could be recovered is beyond the scope of this paper as it includes an interpretation of what is expected from the spacetime singularity.
Outgoing energy flux:
The standard definition of energy flux using the average particle number is given by
In the absence of backreaction the number distribution is given by (19). Then using the above definition one obtains the standard Hawking flux given by
Similarly, we can also calculate the energy flux in presence of backreaction as found from the modified distributions (25), (27), (29). However, it is not possible to get an analytic result with the modified expressions. Therefore we integrate them numerically and plot in Fig. 2 together with (31). Again we find that for the comparatively larger black hole of mass M = 1 the increase in radiated energy is much smaller than the smaller mass black hole with M = 0.01. For the latter backreaction drains away much more energy even in the lowest order effect of backreaction. However, here for both cases released energy is much smaller than total energy of the black hole E bh = M c 2 , for the values of l considered in this paper. As we discussed, one should consider this semi-classical analysis, as long as the energy of the black hole remains much higher than Planck energy during the entire stage of evaporation process.
V. CONCLUSIONS
Effect of backreaction on Hawking radiation is a well known but difficult issue to incorporate. There is no well known method which can address this problem to satisfaction even for a simplest black hole geometry in four space-time dimensions. The main problem of using standard picture of Hawking is that it is a global set up which in turn demands a complete knowledge of dynamical evolution. Here we tried to fill this gap by using a reformulation of tunneling method and assuming the natural interpretation of backreaction effect on the state of the quantum field. The advantage of using tunneling method, as used in this paper, is that it is a local phenomenon only sensitive to near horizon geometry. It made our task much simplified. The natural variation in horizon radius/surface gravity was captured in the quantum state. This knowledge was sufficient to find the particle content of the quantum state.
As anticipated, this modified radiation spectrum included nonlinear terms in frequency ω, which is a signature of correlations in the radiation spectrum. This correlation measuring departure from thermality provides quantum information which was hiding behind the horizon classically. We provided an order by order expression in ω 2 for the modified radiation spectrum. We restricted ourselves up to third order, however, there was no problem in computations higher order expressions using our formalism as long as we are far from QG region.
It was found that due to backreaction the black hole emits high energy particles in the late stage of evaporation. A quantitative analysis showed that in the lowest order of backreaction the change in number distribution and energy flux is significant only for microscopic black holes (mass much higher than Planck mass). Smaller black holes or equivalently larger black holes in the late stage of the evaporation process gives off much higher energy particles in presence of backreaction making a significant shift from the standard Hawking flux. Finally, we emphasize that, although, in this paper we have only considered Schwarzschild type black holes, this method can be generalized to charged and rotating cases, by varying other parameters just like the varying mass M here.
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